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Abstract 

To solve the problems related to the phases of the 
structure factors in surface structure analysis by trans- 
mission electron diffraction, the dynamical diffraction 
in the bulk crystal underneath the surface layer is 
considered by the many-beam theory. In the case of 
normal beam incidence, the intensities of superlattice 
reflections from surfaces and/or  adsorbed layers are 
used to discriminate whether the surface structure is 
substitutional or displacive in type. In the case where 
only two beams are strongly excited in the bulk crys- 
tal, the phases of the structure factors of the surface 
layer are determined by the rocking curve of the 
superlattice reflections. 

I. Introduction 

In previous papers transmission electron diffraction 
(TED) was used to determine the dimer adatom stack- 
ing-fault (DAS) model for the 7 x 7  reconstructed 
structure of the Si(111) surface (Takayanagi, Tanish- 
iro, M. Takahashi & S. Takahashi, 1985; Takayanagi, 
Tanishiro, S. Takahashi & M. Takahashi, 1985). The 
intensities of the superlattice spots were analyzed by 
kinematical theory, where the incident-beam direc- 
tion was chosen so that no Bragg reflections were 
excited strongly in the bulk crystal. To obtain the 
kinematical intensities, however, we averaged the 
intensities of the reflections which are related to each 
other with the C6v symmetry of the reconstructed 
structure. These reflections had different intensities 
because of dynamical diffraction in the bulk crystal 
underneath the reconstructed surface, as also shown 
theoretically (Tanishiro & Takayanagi, 1989) by per- 
forming the multislice calculation (dynamical calcu- 
lation) (Cowley, 1975). 

In an early work by Kambe (1957) it is shown that 
the intensities of transmitted and diffracted waves 
depend on the relative phase difference ~Og - ~Og, + ~Og_g, 
of the structure factors for the three reflections g, g' 
and g - g '  excited simultaneously in the bulk crystal. 
His theory indicates that the phases of superlattice 
reflections from the surface layer may be determined 
by using the dynamical diffraction effect in the bulk 
crystal underneath the surface layer. With the infor- 
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mation of phases of some of the superlattice reflec- 
tions, we can determine the surface structure with 
certainty. 

In this paper, we derive analytical expressions of 
the intensity of the superlattice reflections of recon- 
structed and/or  adsorbed layers by the many-beam 
dynamical theory in the case of normal beam 
incidence and the two-beam case. Methods to deter- 
mine the phase relations between the structure factors 
by utilizing the dynamical diffraction effect are 
proposed. Also a method to discriminate between 
structures of substitutional and displacive types is 
proposed. 

2. General formulation 

We consider the case where the surface layer is on 
the bottom side of the crystal of thickness z, and the 
top surface is chosen to be the plane z = 0 (see Fig. 
1). Provided that the plane wave with unit amplitude, 
gr(Ko) = exp {iKo. z} is incident on the top surface, 
the wave function at the bottom surface of the bulk 
is given according to the many-beam dynamical 
theory (Howie, 1970) by 

~(ko) = Y. ug(ko) exp [ i(ko + g).  r]. (1) 
g 

The amplitude of the diffracted wave with reflection 
vector g is then given by 

"'.~g = ~ Co u)* exp [ ,,~z:l"~/) ~J'l ~gr~i) , (2) 
J 

where k~z j~ and C~g j) (j  = 1, 2 , . . . ,  N)  are the eigen- 
value and eigenvector of the j th  branch for the secular 

Ky 

Fig. 1. The case that the reconstructed surface layer is at the lower 
side of the crystal. The transmitted and Bragg-reflected waves 
are diffracted kinematically in the surface layer. 
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equation 

[-k(zJ)+Sg]f(gJ)-t-~ Ug_hf(hJ) = 0. (3) 
h 

In (3), Ug [Ug= Vg/2k~o (2m/h 2= 1)] is the Fourier 
coefficient of the scattering potential and sg is the 
excitation error defined by 

Sg = (T.  g -  g2/2)/k~o, 

where k~o and - T  are the normal and parallel com- 
ponent, respectively, of the wave vector of the 
incident beam in the crystal, ko: 

k 0 = k ~ 0 - T  and k 2=k~+vo .  

Then, applying the kinematical theory to the surface 
layer, we find that the amplitude of a superlattice 
reflection s is given by 

us = i ~ Fs_gUg, (4) 
g 

where Fs is the structure factor of the reflection s. 
Normal and anomalous absorption effects are 

neglected since the thickness of crystals used is typi- 
cally less than 30 nm. Analytical expressions of the 
superlattice reflections are derived below for two par- 
ticular cases : (a) normal incidence and (b) the two- 
beam case. 

3. Intensity and phase of the superlattice reflections 

3.1. Normal incidence 
Superlattice reflection intensities are analytically 

derived here in order to be compared with the results 
in the case of an Si(111) crystal with 7 x 7 reconstruc- 
tion on the bottom surface. Since six {220} reflections 
(gi" i =  1-6) are strongly excited by the normal 
incidence, we have to deal with seven-beam dynami- 
cal theory (Cowley, 1975; Chang, 1984). 

Eigenvalues k~ j) and vectors C ~j) = 
(Co Cg~ Cg: Cg3 Cg4 Cg5 Cg6) (see Fig. 2) are easily 
derived for a crystal of sixfold symmetry: C ~°= 
(a b b b b b b), C(2)=(a' b' b' b' b' b' b') for k~ ~)= 
Yo+ Y and k~ )=  Yo-Y,  respectively, and C o)= 

3 4 5 c 6) for j = 3 - 7 ,  where cj= (0 c~ c~ c: cj cj 
exp [ i( ~/3)j]. 

g4 "~ 

g3 g2 

Fig. 2. Geometry of the TED spots. The reflections, g~ (i = 1-6), 
are the Bragg reflections from {220} planes and the reflection s 
is a superlattice reflection from the surface layer. T is the surface- 
parallel component of the incident wave vector, k o ; k o = kzo - T. 
The circle is the section of the Ewald sphere at the 0th Laue zone. 

After a short calculation starting from (3), it is 
derived that Yo = V' and Y = (V2+ V ' 2 )  1/2 for V ' =  
Ugh+ Ugl+g2+ UEgl/2-g2/2; V=61/2Ug~ and ( a b ) =  
(cos a sin c~/61/2) and (a '  b') = ( - s in  a cos a/61/2), 
where cos 2a  -- - V' /Y  and sin 2a = V~ Y. Putting 
these values into (2) and (4), we find 

Us=iexp(iYoz)[Fscos Yz+iF" sin(Yz)], (5) 

where 

F'= Fscos2a+( ~=g Fs_g/61/2) , (6) 

The intensity of the superlattice reflection Is = l u£ 
oscillates with the crystal thickness with period 
equal to the extinction distance, ~:= 1/2Y, because 
of the interbranch interference of the Bloch waves. 
The superlattice reflection intensity deviates from the 
kinematical value IF£ in a simple way, 

IdlFsl== 1 + [D(s)  2 -1 ] ( s in  Yz) 2, (7) 

depending on the deviation factor, defined by 

D(s) = F'/Is.  (8) 

We consider here two special surface structures, 
(a) the substitutional type where atoms in the surface 
layer locate at the bulk lattice position, and (b) the 
displacive type where atoms are greatly displaced 
from the bulk lattice position. We consider first the 
substitutional case and assume that the surface layer 
contains atoms of one kind. Then, Fs and Fs-g have 
the same sign irrespective of the choice of the origin 
of the surface unit cell, since e x p ( i s . x ) =  
exp [ / ( s - g ) .  x]. Then, if cos 2a and sin 2a  have the 
same sign (negative V'), from (6), (7) and (8) we find 
that D(s)2> (cos 2or) 2, so that Is/lFs[ 2 is larger than 
1 -  (sin 2c~)2/2 [we assume here (sin Yz) 2 = l ,  since 
TED intensities are obtained as an average over a 
sample area with thickness gradients]. In the case of 
an S i ( l l l )  crystal, we expect Is/lFsl2>0.8 for any 
superlattice reflection.* For the displacive type, on 
the other hand, extinction of Is may occur when Fs 
and Fs-g have different signs. 

The intensity ratios IdlFsl 2 have been calculated 
for DAS structure of the Si(111) 7 x 7 reconstructed 
surface and compared with the TED experiment of 
the S i ( l l l )  7 × 7  structure. Calculated values of Fs 
and F '  and D(s) are given in Table 1 for several 
reflections. Since the DAS structure is of the substitu- 
tional type (the surface atoms are located at the 1 x 1 
lattice sites except dimer atoms), the calculated D(s) 
values are larger than cos 2a  = 0.777 as expected from 

* For g~ ={220} reflection of the bulk Si crystal, Ug~ =4-36, 
Ugl+g2 = 2.03 and U2gl = 1.66 eV (Radi, 1970), so that Y0 = -13-2 
and Y = 17-0 eV. The period of oscillation of the intensity with 
thickness, the extinction distance corresponding to 1/Y, is 24 nm, 
and the values of cos 2a and sin 2a are calculated to be 0-777 and 
0"630, respectively. 



KUNIO TAKAYANAGI 85 

Table 1. Dynamical effect on the superlattice reflection, 
s = (h k), of  the Si ( l l l )  7 x 7 reconstructed surface 

h k F~ F '  D(s )  ( D 2 +  1)/2 l a / I  k 

3/7 0 0"390 0"507 1"30 1.31 1.00 
3/7 1/7 0"157 0.242 1"54 1"68 1"37 
3/7 3/7 0"0437 0" 165 3"78 7"64 3"25 
4/7 4/7 0-207 0"271 1"31 1"36 1-09 

4/7 0 0" 135 0.354 2"62 3"93 20" 16 
5/7 0 0.140 0-308 2.20 2.92 5.98 
6/7 0 0.284 0-532 1.87 2"25 2-10 
8/7 0 0-253 0"389 1.54 1"68 1"48 
9/7 0 0"0986 0" 146 1"48 1"54 0"87 

6/7 1/7 0-244 0"394 1"61 1.80 1"69 
1 1/7 0-319 0"546 1"71 1"96 1.79 
1 2/7 0.202 0"341 1"69 1"93 1"89 
1 3/7 0"296 0.456 1"54 1"68 1"68 

Structure factors, Fs, are of the DAS structure in Takayanagi, Tanishiro, 
S. Takahashi & M. Takahashi (1985). D(s) = F's/F s in equation (8). I d and 
lk are the observed intensities at normal and tilted beam incidence, respec- 
tively, in Takayanagi, Tanishiro, S. Takahashi & M. Takahashi (1985). Note 
that the ld/l  k are larger than 0.8. 

the above theory. To evaluate values of Iff[Fs[ 2 from 
experiment, we regard the observed intensities at the 
normal beam incidence (Id) as Is and those at the 
tilted beam incidence (Ik), as F~. Since the Id and Is 
were measured relatively [see Table I of Takayanagi, 
Tanishiro, S. Takahashi & M. Takahashi (1985)], we 
normalize them by the ratio of the calculated 
intensities of Is and F 2 of the (1 3/7) reflection. The 
ratio, which is given by (D2+1) /2  after averaging 
over thickness gradients, is evaluated to be 1.68, as 
shown in Table 1.* The values of Id/Ik thus obtained, 
as given in Table 1, are larger than 0.8. 

Dynamical intensity Is is, thus, useful to judge 
whether the surface structure is of the substitutional 
or displacive type. 

3.2. Two-beam case 

In the case where one Bragg reflection, g = (220), 
is strongly excited in the crystal, the two-beam case 
may be applied. The superlattice reflection, us, is 
given by (4). Using a parameter W = V'/V, with V '=  
T.  g - g 2 / 2  and V =  Ug, us is expressed as 

us = i exp (iYoz){Fs cos Yz 

+ i ( 1 +  W2)-x/2[Fs_g-FsW]sin Yz}. (9) 

/ff F 2 is given by (7) with D(s) = 
(1+ W2)-~/2(Fs_g/Fs - W). In Fig. 3, the value of 
D(s) 2 -1  is shown as a function of W for several 
values of F~_g/Fs. 

For W >> 1 (the kinematical condition for the bulk 
crystal), superlattice reflections can have kinematical 
values. 

* The intensi ty o f  the (1 3 /7)  reflection was s trong and  changed  
less sensit ively to the inc iden t -beam direct ion in c o m p a r i s o n  with 
the other  reflections. 

For W ~  < 1 (the dynamical condition for the bulk 
c r y s t a l ) ,  D ( s )  2 - 1 has the minimum value -1  at Wm= 
Fs-g/Fs. Then, according to (7), the intensity Is~ Fs 2 
varies between 0 and 1 depending on the crystal 
thickness. Thus, at crystal thicknesses around z =  
1/4Y, Is is reduced almost to extinction at W,,, = 
F s - g / F s :  W,,, is positive (negative) in the case that Fs 
and F~_g have the same (opposite) sign. D(s) 2 -1  
takes the maximum value of (F~_g/Fs) 2 for W =  
-FffFs_g, and the intensity Is/Fs 2 varies according 
to (7) between 1 and 1 +(Fs_g/Fs) 2. Thus, at crystal 
thicknesses around z -- 1/4 Y, we obtain the maximum 
value of Is = Fs 2+ Fs_g[2 for a negative (positive) W. 
From these criteria the relative sign of the structure 
factors of the surface layer can be determined. To 
apply the above theory to experiments, we suggest 
that one should observe intensity profiles with the 
incident beam rocking from an area with thicknesses 
around 1/4 or 3/4 of the extinction distance. 

For W = 0, the intensities of the superlattice reflec- 
tions on the Brillouin zone boundary (BZB) (s. g-- 
g2/2) become independent of the crystal thickness, 
provided that the surface structure has mirror sym- 
metry with respect to the direction of the zone boun- 
dary (Fs = Fs-g for reflections s on the zone boundary). 
Therefore, the observation of TED intensities on the 
BZB at W--0  is quite useful for determining the 
structure factors irrespective of the crystal thickness. 

4. Summary and concluding remarks 

Intensities of the superlattice reflections of the recon- 
structed surface and/or  adsorbed layer have been 
derived by many-beam dynamical theory for normal 
incidence and for the two-beam case. The theory 
suggests that the dynamical intensities at normal 
incidence are useful to discriminate between the 
surface layers of substitutional type and displacive 
type. In the two-beam case, the theory predicted 
that the minimum and maximum of the intensity of 

-.1 

Fs-g: l~ D(Sf-1 

-1 

Fig. 3. Super la t t ice  reflection intensity for the t w o - b e a m  case. The  
var ia t ion  o f  D ( s ) 2 - 1  with W is shown  for  Fs_g/Fs=0.2  , 0.5 
and  1. No te  that  the m i n i m u m  value o f  D(s )  2 - 1  is - 1  at W =  
Fs-g/ Fs. 
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superlattice reflections due to the incident-beam 
rocking are useful for determining the phases of the 
structure factors of the surface layer. 

We proposed in a previous paper to image surface 
structures at atomic resolution based on a computer 
simulation (Takayanagi & Honjo, 1980). As seen from 
(5) and (6), we can obtain structure images at a special 
thickness of the bulk crystal, z = 1/Y, since the phases 
of the superlattice reflections depend on Fs'. It is very 
useful for phase determination to detect displacement 
of lattice fringes in high-resolution images obtained 
at crystal thicknesses of 1/4 and 1/2 of the extinction 
distance, from which we know the relative phase of 
Fs and Fs'. 

We propose, thus, combined use of diffraction 
and/or high-resolution microscopy for phase deter- 
mination of structure factors, in addition to kinemati- 
cal intensity analyses such as those previously done 
for the Si(111) 7 x 7  reconstructed surface (Takay- 
anagi, Tanishiro, M. Takahashi & S. Takahashi, 1985; 
Takayanagi, Tanishiro, S. Takahashi & M. Takahashi, 
1985). 

The present author expresses his sincere thanks to 
Dr K. Kambe for critical reading of the manuscript 
and discussions. 

References 

CHANG, S. L. (1984). Multiple Diffraction of X-rays in Crystals, 
p. 114. Berlin: Springer-Verlag. 

COWLEY, J. M. (1975). Diffraction Physics, p. 225. Amsterdam: 
North-Holland. 

HOWlE, A. (1970). Modern Diffraction and Imaging Techniques in 
Material Science, edited by S. AMELINCKX, R. GEBERS, G. 
REMAUT & J. VAN LANDUYT, p. 295. Amsterdam: North- 
Holland. 

KAMBE, K. (1957). J. Phys. Soc. Jpn, 12, 13-31. 
RADI, G. (1970). Acta Cryst. A26, 41-56. 
TAKAYANAGI, K. & HONJO, G. (1980). Proc. of 8th Int. Vacuum 

Congress, Vol. 1, p. 267. Paris: Soci6t6 Fran~aise du Vide. 
TAKAYANAGI, K., TANISHIRO, Y., TAKAHASHI, M. & 

TAKAHASHI, S. (1985). J. Vac. Sci. Technol. A3, 1502-1506. 
TAKAYANAGI, K., TANISHIRO, Y., TAKAHASHI, S. & 

TAKAHASHI, M. (1985). Surf. Sci. 164, 367-392. 
TANISHIRO, Y. & TAKAYANAGI, K. (1989). Ultramicroscopy, 27, 

1-8. 

Acta Cryst. (1990). A46, 86-94 

Monte Carlo Calculation of A3B (111)  Ordering Transition and Surface X-ray Intensities 

By X.-M. ZHU AND H. ZABEL* 

Department of Physics and Materials Research Laboratory, University of Illinois at Urbana-Champaign, 
1110 W. Green Street, Urbana, IL 61801, USA 

(Received 29 March 1989; accepted 30 August 1989) 

Abstract 

A Monte Carlo simulation of an ordering phase 
transition in the surface region of a f.c.c.-type AaB 
binary alloy is reported. The main emphasis of this 
simulation is the evaluation of short and long-range- 
order correlations near the surface which are used 
for calculating X-ray intensities under grazing- 
incident-angle conditions. These calculations suggest 
effective ways of conducting surface diffraction 
experiments on order-disorder phase transitions. The 
simulation results are also compared with available 
experimental data. 

I. Introduction 

The effect of  the surface when a system undergoes a 
bulk first-order phase transition has been studied 

*Present address: Fakult~it fiir Physik und Astronomic, 
Experimentalphysik IV, Ruhr Universit~it Bochum, Universi- 
t~itsstrasse 150, D-4630 Bochum 1, Federal Republic of Germany. 
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recently in much detail by various theoretical 
methods, including mean-field approximation 
(Lipowsky & Speth, 1983; Lipowsky, 1984), Landau 
free-energy expansion (Mejia-Lira, Benneman & 
Moran-Lopez, 1985), and cluster variation for semi- 
infinite systems (Sanchez & Moran-Lopez, 1985). The 
thick-film case was examined by use of a continu- 
ous Landau free-energy expansion (Lipowsky & 
Gompper, 1984; Sornette, 1985), and the thin-film 
case in the Bragg-Williams approximation (Sanchez, 
Mejia-Lira & Moran-Lopez, 1986). These calculations 
were carried out for both magnetic and binary alloy 
systems and focused on the order-parameter profiles 
in the vicinity of the phase transition. This previous 
work encouraged us to investigate surface effects on 
the order-disorder transition of A3B-type alloys by 
using Monte Carlo (MC) simulation methods. MC 
simulations of the bulk phase transition have been 
carried out in the past by Golosov & Dudka (1973) 
and by Polgreen (1985). More recently MC simula- 
tions of three-dimensional systems including surface 
effects (Gompper & Kroll, 1988) have emerged. 
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